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Nonlocal response in CdTe photovoltaics
Diana Shvydka,a) A. D. Compaan, and V. G. Karpov
Department of Physics and Astronomy, University of Toledo, Toledo, Ohio 43606

~Received 13 February 2002; accepted for publication 6 March 2002!

We have studied the nonlocal photovoltaic response to a laser beam in CdTe/CdS solar cells. The
laser-generated plasma is shown to spatially decay over a considerable distance that depends on the
device lateral resistance and laser beam power. This affects open circuit voltage far from the laser
spot. For the case when the lateral resistance is dominated by the transparent conductive oxide~in
completed devices!, it is shown that the characteristic decay length may be as long as 1 m. For the
alternative case of unfinished devices that do not have a metal layer, the semiconductor layer sheet
resistance dominates the nonequilibrium plasma spreading, and the characteristic decay length falls
into the range of tenths of a millimeter. Also associated with such nonlocal response are features in
photoluminescence mapping, where different excitation powers lead to different map topologies. We
have developed a theory that expresses the effects of laser-generated plasma spreading in terms of
the semiconductor film photovoltaic parameters. ©2002 American Institute of Physics.
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I. INTRODUCTION

In many applications nonequilibrium electrons and ho
in a p-n junction are created nonuniformly in the lateral d
rection. One example is the laser-generated electron–
plasma. Charge carrier generation by a uniform light in l
erally nonuniform photovoltaics exhibits another such e
ample.

It is typically assumed in the above applications that
nonequilibrium carriers do not propagate far from their bir
place. This hypothesis of locality has numerous implicatio
In particular, it underlies photoluminescence~PL!,1 micro-
PL,2 electron beam induced current,3,4 and optical beam in-
duced current5,6 mapping techniques of studying material l
cal properties. According to the hypothesis, the charge ca
lateral diffusion is relatively inefficient, i.e., the nonequilib
rium carriers recombine before traveling distances com
rable to the nonuniformity scale.

Indeed, estimates for different photovoltaics indicate
diffusion lengths in the range of one to several micro
much shorter than the typical laser beam diameter. It sho
be remembered however that such estimates depend o
bias conditions and are typically obtained from the measu
ments under the light. If, to the contrary, we consider
diffusion length beyond the light exposed area, its value
be considerably larger for the following two reasons. Fir
due to lateral spreading, the carrier concentration falls
and therefore their recombination slows down; hence
charge carriers survive longer. Second, because of the
centration falloff, the electric field generated by the noneq
librium carriers weakens and thus opposes less the orig
built-in field that separates the carriers and slows down
recombination.

The above reasoning can be equally worded in the te
of an equivalent circuit representing a large areap-n junc-

a!Electronic mail: dshvydka@physics.utoledo.edu
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tion, which is a set of many diodes connected in para
through lateral resistors, with the second connector bein
metal bus whose resistance can be neglected~Fig. 1!. An
electric current source in parallel with the diodes mimics
local electron–hole generation by light. As an alternative o
can consider the current source of the opposite sign
mimics a shunt through or the device physical edge wh
the electron–hole recombination is more efficient. The l
eral current flows through the resistors and branches ou
the conductive bus, the latter process representing electr
hole recombination. This kind of branching is similar to th
well-known process that determines the voltage decay
transmission line, the latter being represented by the cir
in Fig. 1 with resistors instead of diodes. Because of
branching, the local electric potential in the circuit deca
with the distance from the current source. An important fe
ture is that, because the diode current depends on ele
potential exponentially, the branching here will becom
much less significant than it would be for the case of
standard transmission line. Hence, long range lateral spr
ing becomes possible. Indeed, we shall see in what follo
that the electric potential in the circuit decays with the d
tance logarithmically, rather than exponentially, as it wou
take place for the standard transmission line.7

Depending on the device design the lateral resistors
be either conductive contacts to or the semiconductor lay
themselves. In the former case the transparent conduc
oxide~TCO! is the typical higher resistivity contact. Its she
resistance is much lower than that of the semiconductor
it does not have noticeable bias dependence. On the cont
the lateral resistance is strongly bias-dependent when a s
conductor dominates it. With the above in mind we will di
criminate between the two implementations of the circuit
Fig. 1: ~i! bias-independent low lateral resistance domina
by TCO, and~ii ! bias-dependent high lateral resistance dom
nated by the more conductive of the two semiconductor ju
tion layers.
9 © 2002 American Institute of Physics
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In this paper we present observations of nonlocal opt
response in CdTe photovoltaics for both of the above imp
mentations. Our data show, indeed, very signific
electron–hole plasma spreading. For the case of TC
dominated resistivity, the spreading goes over dozens of
timeters, exceeding practical device sizes. This case prov
simple settings for verifying the physics of the phenomen
when the lateral sheet resistance is uniform and bias in
pendent. For the case of semiconductor-dominated lat
spreading our data are indicative of unexpectedly low a
nonuniform semiconductor sheet resistance. This findin
verified by the data on PL mapping. Also, we presen
theory that describes the observed spreading quantitati
and we discuss its possible other implications.

II. THEORY

As long as we attribute the observed phenomena to
plasma lateral spreading in the device, the related theore
problem becomes that of the steady-state spatial electric
tential distribution generated by the laser beam striking ap-n
junction of a given dimensionality. We describe the syst
as a set of microdiodes in parallel, in which a certain lo
region mimics the area under the beam and is different fr
the rest of the system; the equivalent circuit is shown in F
1. The diode interconnects are responsible for the latera
sistance and are characterized by their specific resista
~per length or per area in one dimensional~1D! or 2D geom-
etry, respectively!. As discussed earlier, depending on t
experimental design, the effective lateral resistance may
due to either the TCO~when the metal back contact
present! or, alternatively, to a semiconductor layer. In wh
follows we analyze separately the cases of different ge
etries.

A. 1D, infinite sample

For the 1D case, the photovoltaicI /V equation and
Ohm’s law describe the electric potential distribution in t
system depending on the coordinatex:

dJ

dx
52 j 0FexpS w

TD21G1 j L , J52r
dw

dx
. ~1!

Here J is the lateral current,j 0 and j L are the thermal and
light-induced components of the diode currents per leng
respectively, andr is the resistance per length. Here we u
units for which the Boltzmann’s constant and the elect
charge are set equal to unity. Also, the temperature in Eq~1!
may include~as a hidden multiplier! the diode nonideality
factor, which is known to vary in the range from 1 to a

FIG. 1. Equivalent circuit representing the electric current spatial de
Bold piece stands for the current source corresponding to the laser ex
tion.
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proximately 4 in different diode structures.8 The representa-
tion in Eq.~1! equally applies to both the ‘‘dark’’ and ‘‘light’’
~under the beam! regions. Because the parameters cor
sponding to those regions are different, so are their lo
open circuit voltages:

Voc5T lnS j L

j 0
11DÞVoc8 5T lnS j L8

J08
11D . ~2!

where the primed quantities correspond to the light area.
latter difference results in a local forward bias; hence,
electric field that forces a lateral currentJ. Because of the
distributed resistancer, the electric potential and the curren
decay over some distanceL called the screening length.

Equation~1! is known to describe the effects of distrib
uted resistance of TCO.9 It applies here with a new featur
that the resistivity may be bias dependent:r5r(w). This
happens when a semiconductor~rather than the TCO! is re-
sponsible for lateral resistance, because the semicondu
resistivity is bias dependent. To derive the dependencr
5r(w) we note that the voltage across thep-n junction can
be represented as a difference between the quasi-Fermi le
of the electrons and holes, each of the contributions be
proportional to the logarithm of the corresponding carr
concentration. Therefore, the charge carrier concentrat
depend exponentially on the voltages across the corresp
ing p- and n-semiconductor layers. Because, on the ot
hand, the resistivity is inversely proportional to the carr
concentration, one can write

r5r0 expS 2
aw

T D . ~3!

Herea ~,1! is the fraction of the entire voltage drop corr
sponding to a given semiconductor layer. Because it is
likely that the layers have comparable resistances, we
consider one of them, whose lateral resistance is respon
for the plasma spreading~which is assumed to be thep-type
layer in our experimental design!. In the framework of this
consideration,a remains a phenomenological parameter.
value is determined by the characteristics of then- and
p-layers constituting the device.10

We choose the origin (x50) at the beam center, th
beam edges are atuxu5d/2, and the entire setup is symmetr
with respect to the origin. Then, associated with Eq.~1! the
boundary conditions will be at the beam edge (x5d/2) and
at infinity,

1

r

dw

dx
5JL , for x5d/2,

~4!

w5Voc,
dw

dx
50, for x5`.

HereJL is the current generated under the beam. The firs
the latter conditions imply the case of a narrow beamd
!L08 , whereL08 is the screening length under the laser bea
which corresponds to the experimental conditions in t
work. Under such conditions the electric potential under
beam is considerably smaller thanVoc8 ~the nonequilibrium
plasma is swept away from the inner beam region!. In the

y.
ta-
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opposite limiting cased@L08 , the electric potential under th
beam reaches its saturated valueVoc8 very close to the beam
edge, and the boundary condition reduces tow(d/2)5Voc8 .

Eqs.~1! and~3! with the boundary conditions in Eq.~4!
can be solved as is described in the Appendix below. A
result the electric potential distribution in the dark region
given by

w5w02
2T

12a
lnS 16

x

L D ,

~5!
for w2Voc>T,

where the sign must be chosen to give the solution that
cays withx: ~1! for a,1, ~2! for a.1. The electric poten-
tial at the laser beam edge,

w05Voc1T
2

11a
lnF u12au

2
A11a

2a

JLr0L

T G , ~6!

whereL is the screening length,

L5L0F S a11

2a D a/a21 12a

2a

JL

~ j 01 j L!L0
Ga21/a11

, ~7!

andL0 is the screening length for the case of a small per
bation,w2Voc!T,

L05F T

ar0~ j L1 j 0! S j L1 j 0

j 0
D aG 1

2

. ~8!

Note that while the above equations may seem inapplica
for a51, it can be shown9 that for a51 the logarithmic
coordinate dependencew(x) turns into quadratic one and th
screening lengthL coincides withL0 .

B. 1D, finite sample

Applying the boundary condition at infinity implies
considerable sample size. We shall see in the next sec
that, for the case of TCO-dominated lateral effects,
screening length becomes much greater than the sample
Therefore we will need an equation that describes the ele
potential decay in a finite size sample. The main chang
coming with the boundary condition that the current vanis
at the sample end (x5,). As is derived in the Appendix, the
required equation takes the form

w5Voc1T ln A22T lnH cosFAA

2 S ,2x

L0
D G J . ~9!

In accordance with the boundary conditions at the laser b
edge@see Eq.~4!#, the parameterA is a solution to the tran-
scendental equation

JL

j LL0
5A& tanS ,

L0
AA

2 D . ~10!

C. 2D case

For the 2D case, Eq.~1! remains formally the same, with
j L and j 0 standing for the currents per area andr being the
sheet resistance.J becomes a vector, and the derivatives
dJ/dx anddw/dx must be replaced by the operators div a
Downloaded 21 May 2002 to 131.183.161.171. Redistribution subject to 
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grad, respectively. As it often happens with 2D problem
there is no analytical solution covering the whole range
distancesx. It is shown in the Appendix that in the region o
x@L the solution retains its 1D form of Eq.~5!. In the
complementary regions of smallx!L the solution takes the
form

w5w11
T

a21
lnF16S x

L D 2G , ~11!

where the screening length

L52L0 expF ~a21!~Voc2w1!

2T G . ~12!

Here w1 is the electric potential in the center of the bea
(x50), which differs fromw0 in Eq. ~6! by a numerical
factor ~of the order of one!. For the purposes of this work
Eqs.~11! and~12! have practically no region of applicability
since the 2D geometry is implemented here for the con
tions of semiconductor-controlled lateral spreading in wh
L is relatively short. As a result all the data fall into the ran
of distances larger thanL, which is accurately approximate
by the 1D expressions.

Overall, the following qualitative conclusions can b
drawn from the above results:~i! the screening lengthL de-
creases with the excitation currentJL , in accordance with
Eq. ~7!; ~ii ! L is independent of the ambient light current as
follows from combining Eqs.~7! and~8!; ~iii ! the amplitude
of the laser beam induced electric potential@Eq. ~6!# loga-
rithmically increases with the excitation current and does
depend on the ambient light current;~iv! the electric poten-
tial perturbation decays logarithmically with the distan
from the laser beam; and~v! the low-excitation screening
lengthL0 @Eq. ~8!# decreases with the ambient light intensit

A comment is in order regarding semiconducto
controlled lateral spreading in polycrystalline and amorpho
materials. The above model does not account for poss
in-plane nonuniformities in noncrystalline semiconducto
and thus can only be valid if the screening lengthL is larger
than the space scale of in-plane nonuniformity. The la
was shown to span up to 1 mm in polycrystalline CdTe11

which distance is comparable to or greater than the obse
screening length~see the next section!. That is why, as op-
posed to the case of TCO-controlled lateral spreading,
above theory is not expected to give an exact quantita
description of the semiconductor-controlled lateral spre
ing, and will serve only as a semiquantitative guide.

III. EXPERIMENT

For this study solar cell devices were prepared by
vapor transport deposition~VTD! and radio-frequency mag
netron sputtering techniques. A layer of CdS followed by
CdTe layer was deposited on commercially availa
SnO2:F-coated glass substrates. The TCO layer (SnO2:F)
served as a front electrode. After deposition, the samp
were submitted to a standard anneal in the presence of C2

vapor which generally leads to improved electric
characteristics.12
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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For the case of the TCO-dominated lateral spreading,
devices were finished with a metal layer deposited to fo
the back contact to CdTe@Fig. 2~a!#. Such cells were made
one dimensional of width 3 mm and length 20 cm.

For the semiconductor dominated lateral spreading
used the design in Fig. 2~b! in which the open circuit voltage
Voc was measured between a dot cell metal contact and
TCO. The dot cell~metal! area was 1.1 cm2. To make an
ohmic contact to the CdTe film without a metal in som
experiments we used a commercially available~antistatic!
carbon foam of the characteristic resistance of severalkV.
Both 1D and 2D geometries were studied. To keep lin
between the 2D and 1D cases, the linear cells were scr
out on the basis of the originally roundish 2D dot cells as
shown in Fig. 3. Both mechanically and laser scribed
cells were made.

The photovoltage was generated with a 752 nm line o
Kr laser focused on the sample to produce a spot of eith
roundish shape of about 0.5 mm in diameter for the tw
dimensional~dot cell! geometry or a 1 mm34 mm rectangu-
lar shape perpendicular to the linear cell for the 1D geo
etry.

Figure 4 shows that the measuredVoc in a completed
~metallized! 1D cell gradually decays with the distance fro
the laser beam. In these experiments the laser-blockedVoc

FIG. 2. Side view of the one-dimensional setup for studying voltage
distancex from the laser beam for the cases when the lateral spreadin
dominated by~a! TCO and~b! the semiconductor layer. The total devic
thickness was in the range 3–4mm. The drawing does not show a relative
thick ~3 mm! glass substrate above the TCO.

FIG. 3. Bottom view of a 1D cell scribed out of the 2D~dot! cell. The
shaded area has a deposited metal contact. Scribes~dotted! penetrate to the
TCO and thus insulate the designated strip from the rest of the substra
Downloaded 21 May 2002 to 131.183.161.171. Redistribution subject to 
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5517 mV ~corresponding to the ambient light intensity
the order of 1024 sun! was far lower than the minimum
signal measured under excitation. Hence, the perturba
decay length is considerably larger than the sample size
we use the inverse logarithmic derivative as a quantita
measure of the screening length for the data in Fig. 4, the
all cases the latter turns out to be larger than 1 m, he
considerably exceeding the sample size. Following Eq.~9!,
the data were fit by

Voc~x!5P12P2 lnFcosS ,2x

P3
D G , ~13!

whereP1 , P2 , andP3 are fitting parameters. From Fig. 4 w
observe excellent agreement between the data and theor
expression in Eq.~9!. The best-fit parameterP1 was found to
depend on the excitation power logarithmically, which
consistent with Eqs.~9! and~10!. The best-fit parametersP2

in all cases were close to 80 meV, which, in accordance w
Eq. ~9!, is double of the thermal energy~52 meV! multiplied
by the nonideality factor. Finally, the best-fit parametersP3

5190, 160, and 150 mm corresponding to the excitat
powers of 6.8, 27.2, and 68 mW, respectively, are fully co
sistent with Eq.~10! if we make a reasonable assumption th
the laser-generated currentJL is linear in the excitation
power. A good agreement between the data and the the
ical prediction confirms our understanding of the pheno
enon.

Data for the semiconductor driven lateral spreading
2D geometry~Fig. 5! also show smooth decay inVoc with
the characteristic screening length;1 mm, much shorter
than that of the TCO-dominated spreading. Eq.~5! fits the
data reasonably well as represented in the form

Voc5P12P2 lnS 11
x

P3
D . ~14!

One unfortunate feature was that the 3-parameter fit in
~14! provides too much flexibility and thus leaves the para
eters rather loosely defined. For example, from Fig. 5 a
many other similar fits we were only able to estimatea
50.360.2.

s
is

.

FIG. 4. NonlocalVoc vs the distance from the laser beam in 1D cell with t
TCO-dominated lateral spreading for different excitation powers: data
theoretical fits.
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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In order to avoid the influence of metal contact on t
measuredVoc, we conducted measurements with a nonme
~carbon foam! small area contact as was described in
above in this section; some results typical of both VTD a
magnetron sputtered sample are shown in Figs. 6 and 7.
the parameterP2 set as 80 mV in Fig. 6 the data are best
by the screening radiiP351.9 and 5.4 mm for the excitatio
power densities of 200 and 20 mW, respectively, which le
to a reasonable estimatea;0.3 in Eq.~7!. The main obser-
vations are:~i! samples made by two different techniqu
show qualitatively the same behavior reasonably well fit
Eq. ~5!; ~ii ! the cases of ambient light on and off fit the sam
theoretical curve in the region where the signal exceeds
saturatedVoc by more than the thermal energy;~iii ! the sig-
nal amplitudes do not depend on the ambient light. Th
observations agree with the theoretical predictions in Sec

One other theoretical prediction is verified in Fig.
which shows similarity between the nonlocal responses fr
the 2D and 1D cell scribed out from the 2D cell in acco
dance with the design in Fig. 3. The noisier character of
1D cell signal is most likely due to the material dama

FIG. 5. Voc vs distance from the 2D cell edge for semiconductor-domina
lateral spreading for two different laser power densities in comparison
theoretical fits: front-wall excitation.

FIG. 6. Voc vs distance from laser beam as measured with the nonm
contact for two different excitation powers in comparison with the theo
ical fits by Eq.~5!.
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introduced by scribing. The mechanical and laser scri
were shown to generate the noise of comparable amplitu

In the front-wall geometry excitation experiments, ca
should be taken to rule out the possibility of inducing t
nonlocal photovoltaic response by multiple light scattering
a 3-mm-thick glass substrate preceding the semicondu
layers. This was verified by measuring the nonlocal pho
voltaic response in the back-wall geometry where the la
beam was incident on the CdTe~Fig. 9!. The measured spa
tial dependence of the open-circuit voltage turns out to
qualitatively the same for the front-wall and back-wall g
ometries. The absolute value of the signal in the back-w
geometry is much lower because the light is strongly
sorbed in the CdTe layer before junction and only a relativ
small fraction of the electron-hole pairs survives.

As the laser-generated plasma spreads out, it can
light from the areas beyond the beam spot. In particular,
may be evidenced in the difference between the same
PL maps measured at different excitation power densitie
suns and 20 suns Figs. 10~a! and 10~b!. Note that the low
intensity map shows the presence of the sample edgey
50) at a distance of several millimeters, while it is not se
under the high intensity laser beam. We conclude that

d
h

al
-

FIG. 7. Voc vs distance from the laser beam for ambient light on and o
Vapor-transport deposited sample. Dashed line shows the saturatedVoc for
the sample under ambient light.

FIG. 8. Voc spatial decay vs distance from the laser beam for a dot~2D! and
a linear~1D! cell scribed from the 2D cell.
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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plasma decay length decreases with increasing laser b
power as is predicted in Eq.~7! and verified by theVoc mea-
surements~cf. Fig. 6 and related earlier discussion!.

We conclude this section by noting that, in general, o
data show significant electron–hole plasma spreading e
for the case of semiconductor-controlled lateral conductiv
The observed nonlocal photovoltaic response is consis
with the theoretical predictions in Sec. II. For the case
TCO-controlled spreading a good quantitative agreement
tween the theory and experiment is achieved. For the a
native case of semiconductor-controlled spreading the ag

FIG. 9. Spatial decay of surface voltage in the case of back wall excita
Laser power 25 mW.

FIG. 10. PL maps corresponding to two different excitation power densi
Downloaded 21 May 2002 to 131.183.161.171. Redistribution subject to 
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ment is of semiquantitative nature. Noticeable dispersion
parameters determined for different nominally identic
samples points at local in-plane resistivity fluctuations
possible source of uncertainty. In accordance with Eqs.~7!
and~8!, we can estimate from our data the semiconducto
TCO sheet resistance ratio as the square of the inverse
of the corresponding screening lengths. This gives the se
conductor sheet resistance of the order of 107– 109 V/h,
which is unexpectedly low as compared to the typic
1010– 1011 V/h obtained by means of the four-point prob
for the same material. The nature of this apparent incon
tency may again be attributed to the role of in-plane nonu
formity, which averages out over a considerable dista
~correlation radius!, exceedingL ~see discussion in the end o
Sec. II!. More specifically, we can define the correlation r
dius as the distance between the most resistive elemen
the array forming a nonuniform system.13 Over shorter dis-
tances the system can then exhibit smaller than the ave
resistivity.

IV. CONCLUSIONS

In conclusion, we have observed nonlocal photovolt
response to the laser beam excitation in CdTe photovolta
Our model relates these observations to spreading of
electron-hole plasma beyond the laser beam spot. We h
introduced a concept of screening length that character
the distance over which the nonequilibrium electron–h
plasma decays. The screening length is shown to stron
depend on the device lateral resistance and excitation po
varying from more than 1 m for the TCO-controlled latera
spreading to tenths of a millimeter for the case
semiconductor-controlled spreading. Our theory provide
good quantitative agreement with the data for the form
case and remains a reliable semiquantitative guide for
latter case where effects of nonuniformities bring more co
plexity to the phenomenon. One distinctive feature is t
because of significantI /V characteristic nonlinearity, the
spatial decay of the laser-generated voltage has a long-r
nature and is logarithmic as opposed to the exponential
cay in the standard transmission line.

One practical implication of the above results is th
measuring the spatial decay of the open circuit voltage i
completed cell enables one to establish the dependence o
laser-generated current on the excitation power, which c
acterizes the device efficiency and recombination propert
The same measurements can be used to estimate the
sheet resistance in a completed device. For the cas
semiconductor-controlled lateral spreading, practical imp
cations can be related to the established unexpectedly
semiconductor layer sheet resistance. A consequence of
may be current loss caused by semi-shunts, which are m
protrusions partially penetrating the semiconductor film fro
one of the contacts. This will be discussed in more de
elsewhere. One other important practical conclusion perta
to the spatial resolution of the photoluminescence mapp
which, under open circuit conditions, was shown to stron
depend on the excitation power.

n.
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APPENDIX

Introducing a new variable

u5expF2a
Voc2w

T G , ~A1!

and noticing that, by definition,

expS Voc

T D5
j L1 j 0

j 0
, ~A2!

Eqs.~1! and ~4! can be reduced to

L0
2 d2u

dx2 5u1/a21. ~A3!

Multiplying the latter bydu/dx and integrating gives

L0
2

2 S du

dxD
2

5
a11

a
ua11/a2u1

1

11a
, ~A4!

where the constant of integration is determined from
boundary condition at the infinity,du/dx50 whenu51. For
the case of strong perturbation,u@1, only the first term in
the right-hand side is kept. With that integrating Eq.~A4!
yields

u5u0S 16
x

L D 2a/a21

, L5L0A11a

2a
u0

a21/2a . ~A5!

The first of the boundary conditions Eq.~3! can be repre-
sented as

u05
JLL

~ j L1 j 0!L0
2

12a

2a
. ~A6!

Solving Eqs.~A5! and ~A6! leads to the final results in Eq
~5!–Eq. ~8! in the main body of the text.

For the case of the finite size sample with TC
dominated lateral effects we leta50 and integrate the equa
tion

d2z

dy2 52exp~2z!, ~A7!

wherez5Voc2w/T, y5x/L0 ,
with the same boundary condition@Eq. ~4!# at the beam edge
and with the conditiondz/dy50 at the sample edge,y
5,/L0 . This leads to results in Eqs.~9! and~10! in the main
body of the text.

For the 2D case the second derivative is replaced by
Laplacian, and Eq.~A3! becomes

L0
2S d2u

dx2 1
1

x

du

dxD5u1/a21. ~A8!

For the case ofx@L0 , the second term in the left-han
side can be omitted, which reduces the problem to the
case, so that Eq.~A5! obeys. For the case ofx!L0 , we note
that any particular functionf (u,x) in
Downloaded 21 May 2002 to 131.183.161.171. Redistribution subject to 
e

e

D

1

x

]u

]x
5 f ~u,x!

leads to

]2u

]x2 5 f ~u,x!1x
]

]y
f ~u,x!.

Here the last term is relatively small asy!L0 and ] f / f ]y
;1/L0 . Neglecting that term reduces Eq.~A8! to the form

L0
2 2

x

du

dx
5u1/a21, ~A9!

which can be solved analytically to give

u5u1F16S x

L D 2Ga/a21

, L52u1
a21/2aL0 , ~A10!

with the parameteru1 to be determined from the boundar
condition Eq.~4! at x5d/2 with dJ/dx replaced by divJ,
and the sign choice determined by the boundary conditio
infinity. From sewing atx;L the expressions foru(x) in
Eqs.~A5! and~A10!, it follows thatu1;u0 . As a result the
screening lengths in Eqs.~A5! and~A10! coincide to within
a numerical multiplier. A consequence of this is that the
lution in the regionx@L can be approximated by applyin
the boundary condition at the beam edge directly to the
pressionu(x) in Eq. ~A5!, which makes all the 1D result
approximately applicable to the 2D case. One minor diff
ence pertains to the region of smallx!L, where the 2D
solution for w(x) has negative curvature and a deflecti
point atx;L.
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